Introduction
The Bitableax correspondence isomorphism/Koszul map Theorem (BCK Theorem, for short, Theorem 6.5 below) describes a relevant pair of mutually inverse vector space isomorphisms, the Koszul map ( [15] , see also [2] ) K : U(gl(n)) → C[M n,n ] ∼ = Sym(gl(n)), and the bitableaux correspondence isomorphism B : C[M n,n ] ∼ = Sym(gl(n)) → U(gl(n)), that deeply link the enveloping algebra U(gl(n)) of the general linear Lie algebra gl(n) and the C-algebra C[M n,n ] of polynomials in the entries of a "generic" square matrix of order n. The BCK Theorem can be regarded as a sharpened version of the PBW Theorem for the enveloping algebra U(gl(n)).
The main objects in U(gl(n)) -Capelli bitableaux, Capelli *-bitableaux and right Young-Capelli bitableaux -are introduced in section 3 by means of C[M n,n ] and maps any column Capelli *-bitableau [S|T ] * in U(gl(n)) to the corresponding column *-bitableau (S|T ) * in C[M n,n ] (Propositions 6.1 and 6.3 below).
This implies that both B and B * are inverses of K and, therefore, B * = B and both B and K are linear isomorphims (Theorem 6.5 below).
Bitableaux and *-bitableaux in C[M n,n ] can be expanded into monomials (column bitableaux and column *-bitableaux), via the Laplace rules. The BCK Theorem implies that Capelli bitableaux and Capelli *-bitableaux expand in the same way into column Capelli bitableaux and column Capelli *-bitableaux, respectively. By combining these expansions with Proposition 5.3, the explicit forms for Capelli bitableaux and Capelli *-bitableaux as elements of U(gl(n)) can be easily computed.
Several examples/applications are provided throughout the paper. In particular, we show, in few lines, that the row Capelli bitableau [12 . . . n|12 . . . n] equals the famous Capelli determinant [9] in U(gl(n)) (see Proposition 7.4). be the polynomial algebra in the (commutative) "generic" entries (i|j) of the matrix:
Given the standard basis e ij ; i, j = 1, 2, . . . , n of the general linear Lie algebra gl(n), the map e ij → (i|j) induces an isomorphism
Following [14] and [3] , the biproduct of the two words ω and ̟
is the is the signed minor :
Let S = (ω 1 , ω 2 , . . . , ω p ) and T = (̟ 1 , ̟ 2 , . . . , ̟ p ) be Young tableaux on {1, 2, . . . , n} of the same shape λ.
Following again [14] and [3] , the (determinantal) Young bitableau
. . .
is the signed product of the biproducts of the pairs of corresponding rows:
where
and the symbol ℓ(w) denotes the length of the word w. The *-biproduct of the two words ω and ̟
is the is the permanent :
Following again [14] and [3] , the (permanental) Young *-bitableau
is the product of the *-biproducts of the pairs of corresponding rows:
A column Young tableau of depth h is a tableau of shape (1 h ). Then for a column Young bitableau, we have:
and for a column Young *-bitableau, we have:
3 The superalgebraic approach to the enveloping algebra U(gl(n))
We follow [3] , [4] , [5] , [6] .
. . , n} ( m 0 , m 1 "sufficiently large" ) denote the union of the alphabets of virtual positive, virtual negative and proper negative symbols, respectively. Let U(gl(m 0 |m 1 + n)) denote the enveloping algebra of the general linear Lie superalgebra gl(m 0 |m 1 +n), with basis {e a,b ; a, b ∈ X}, |e a,b | = |a| + |b| ∈ Z 2 . The general linear Lie algebra gl(n)) (with basis {e a,b ; a, b ∈ L}, |e a,b | = |a| + |b| = 0 ∈ Z 2 ) is regarded as the subalgebra gl(0|n) of gl(m 0 |m 1 + n).
We recall ( [5] , [6] ) that a product
is an irregular expression whenever there exists a right subword e ai,bi · · · e a2,b2 e a1,b1 , i ≤ m and a virtual symbol γ ∈ A 0 ∪ A 1 such that
The meaning of an irregular expression -in terms of the action of U(gl(m 0 |m 1 + n)) -is that there exists a virtual symbol γ and a right subsequence in which the symbol γ is annihilated more times than it was already created. Let Irr be the left ideal of U(gl(m 0 |m 1 +n)) generated by the set of irregular expressions ( [5] , [6] , see also [1] ). [2] ) The sum U(gl(0|n)) + Irr is a direct sum of vector subspaces of U(gl(m 0 |m 1 + n)).
The Capelli devirtualization epimorphism is the projection
with Ker(p) = Irr.
In a formal way, balanced monomials are elements of the algebra U(gl(m 0 |m 1 + n)) of the form:
• and so on, where i 1 , . . . , i k , j 1 , . . . , j k ∈ L, i.e., the i 1 , . . . , i k , j 1 , . . . , j k are k proper (negative) symbols, and the γ p1 , . . . , γ p k , . . . , θ q1 , . . . , θ q k , . . . are virtual symbols. In plain words, a balanced monomial is product of two or more factors where the rightmost one annihilates the k proper symbols j 1 , . . . , j k and creates some virtual symbols; the leftmost one annihilates all the virtual symbols and creates the k proper symbols i 1 , . . . , i k ; between these two factors, there might be further factors that annihilate and create virtual symbols only. Let S and T be the Young tableaux
To the pair (S, T ), we associate the bitableau monomial:
,js λ 1
. . , α p ∈ A 0 be sets of negative and positive virtual symbols, respectively. Set
The tableaux D λ and C λ are called the virtual Deruyts and Coderuyts tableaux of shape λ, respectively.
Given a pair of Young tableaux S, T of the same shape λ on the proper alphabet L, consider the elements
,
Since elements (10), (11) and (12) are balanced monomials in U(gl(m 0 |m 1 + n)), they belong to the subalgebra V irt(m 0 + m 1 , n).
We set p e S,C λ e C λ ,T = [S|T ] ∈ U(gl(n)), and call the element [S|T ] a Capelli bitableau [5] , [6] . We set
and call the element [S|T ] a Capelli *-bitableau [5] , [6] . We set
and call the element
4 The bitableaux correspondence maps B and B * and the Koszul map K Theorem 4.1. The bitableaux correspondence map
uniquely extends to a linear map
Theorem 4.2. The *-bitableaux correspondence map
The linear isomorphisms B and B * were introduced in [6] , Theorem 1 and Theorem 3.
Eqs. (13), (14) indeed define linear operators since bitableaux in C[M n,n ] and Capelli bitableaux in U(gl(n)) are ruled by the same straightening laws as well as *-bitableaux and Capelli *-bitableaux (see [5] , Proposition 7).
Given i, j = 1, 2, . . . , n, let
be the linear operator
where D ij denotes the polarization operator defined by the following conditions:
Proposition 4.3. We have:
By the universal property of U(gl(n)), Proposition 4.3 implies
defines an associative algebra morphism
Let ε 1 be the linear map evalution at 1
The Koszul map is the (linear ) composition map
Proposition 4.5. We have:
2. K(e ij P) = ρ ij (K(P)), for every P ∈ U(gl(n)), e ij ∈ gl(n).
5 Expansion formulae for column Capelli bitableaux and column Capelli *-bitableaux
(where α 1 , . . . , α h are arbitrary distict positive virtual symbols) and the column Capelli *-bitableau 
(where β 1 , . . . , β h are arbitrary distict negative virtual symbols). Remember that the proper symbols
. . , n} are assumed to be negative. Remark 5.2. Both column Capelli bitabeaux and column Capelli *-bitabeaux are row-commutative, in simbols:
We recall two basic expansion formulae, that describe the effect of picking out (on the left hand side) the first row of column Capelli bitableaux and column Capelli *-bitableaux. These formulae play a crucial role in the theory of the Koszul map K, and provide a simple way to compute the actual forms of column Capelli bitableaux and column Capelli *-bitableaux as elements of U(gl(n)) are row-commutative, in simbols: Proposition 5.3. We have:
For a proof, see e.g. [8] . = e 12 e 23 e 34 e 23 − e 12 e 24 e 23 − 2e 13 e 34 e 23 + 2e 14 e 23 ∈ U(gl(4)).
6 The BCK Theorem Proposition 6.1.
Proof. 
Proof.
we have
Since, Theorem 4.1 specializes to
and, Theorem 4.2 specializes to
B, K are linear isomorphisms.
Since the set of (determinantal) standard bitableaux (S|T ); sh(S) = sh(T ) = λ, λ 1 ≤ n, S, T standard and the set of (permanental) costandard *-bitableaux
Corollary 6.6. The set of (determinantal) standard Capelli bitableaux
and the set of (permanental) costandard Capelli *-bitableaux
The bitableaux correspondence isomorphism B and the Koszul isomorphism K well-behave with respect to right symmetrized bitableaux
and right Young-Capelli bitableaux
In plain words, any right Young-Capelli bitableaux [S| T ] is the image -with respect to the linear operator B -of the right symmetrized bitableaux (S| T ).
Theorem 6.7. We have:
Since the set
is the Gordan-Capelli basis of C[M n,n ] (see, e.g. [1] , [3] , [4] ), then 
Laplace expansions

Laplace expansions in
and, therefore, the biproduct (
expands into column bitableaux as follows:
Notice that, in the passage from monomials to column bitableaux, the sign (−1) (
and, therefore, the *-biproduct
] expands into column *-bitableaux as follows:
The preceding arguments extend to bitableaux and to *-bitableaux of any shape λ, λ 1 ≤ n. Given the Young tableaux of of eq.(15)
, a simple sign computation shows that
where the multiple sums range over all permutations σ 1 ∈ S λ1 , . . . , σ m ∈ S λm . Notice that only the signs of permutations remain.
Similarly,
Laplace expansions in U(gl(n))
Let S and T be the Young tableaux
By Theorem 6.5, the results of subsection 7.1 lead to the following Laplace expansion of Capelli bitableaux into column Capelli bitableaux and of Capelli *-bitableaux into column Capelli *-bitableaux. Proposition 7.1.
[S|T ] = σ1,...,σm
. j s σ 1 (λ 1 ) . . .
Proposition 7.2.
[S|T ]
. . . ∈ U(gl(n)).
Proposition 7.4. Consider the row Capelli bitableau
[n · · · 21|12 · · · n] ∈ U(gl(n)).
We have:
1.
[n · · · 21|12 · · · n] = cdet 
